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Cosmology in (1 + 1)-dimensional Horˇava-Lifshitz theory of gravity
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The (1 + 1)-dimensional Friedmann-Robertson-Walker (FRW) universe filled with a perfect fluid
with equation of state p = ωρ is analyzed through the view of Horˇava-Lifshitz (HL) theory of
gravity. In this theory, the anisotropic scaling of space and time breaks Lorentz invariance of General
Relativity (GR) in such a way that the gravitational action is no longer a topological invariant and
the theory becomes dynamical. With the introduction of a perfect fluid through Schutz formalism,
it is shown that the resulting dynamical theory is very similar to the two-dimensional Jackiw-
Teitelboim (JT) model, where a dilatonic degree of freedom is introduced to force a dynamical
theory. However, in HL theory, the introduction of a dilaton field is not necessary.
PACS numbers: 04.60.Kz
I. INTRODUCTION
Recently, Horˇava proposed a new theory of gravity [1]
based on an anisotropic scaling of the spatial and time
coordinates, which leads to the breaking of the relativistic
invariance at short distances, with GR being recovered
for low-energy limits. The main ingredient of this theory
is the anomalous scaling relation
t→ bzt, x→ bxi, (i = 1, 2, . . . , d) (1)
where xi and t are the Minkowskian space and time coor-
dinates, b is a scale parameter and z denotes the dynami-
cal critical exponent, which should be ≥ d for the theory
to be power counting renormalizable [2] (z = 1 corre-
sponds to the relativistic scaling). Relation (1) clearly
singles out a time coordinate, breaking the spacetime
diffeomorphism invariance. However, this Lorentz Sym-
metry (LS) breaking poses no problem if the theory does
not predict violation at energy scales which have already
been tested [2, 3].
To deal with the violation of LS, we foliate the space-
time, with each leaf being a space hypersurface with con-
stant t and impose diffeomorphism invariance on such
hypersurfaces. In this way, the framework for HL grav-
ity is the Arnowitt-Deser-Misner (ADM) formalism [4], in
which the metric is splitted in terms of the d-dimensional
metric hij(t, x) of the spatial slices of constant t, the lapse
function N(t, x), and the shift vector Ni(t, x). One im-
portant assumption on the lapse function is called “pro-
jectability condition”, namely N(t, x) ≡ N(t), which
simplifies considerably the HL gravitational action but
generally gives rise to a unique integrated Hamiltonian.
Nevertless, although it is not a necessary condition (there
are non-projectable theories [5]), it poses no problem in
the study of FRW spacetimes, since the Hamiltonian in
this case will be truly local [6, 7]. In this paper we will
work with the projectability condition.
When applied to cosmology, HL theory showed some
interesting consequences. Due to the presence of higher
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order spatial curvature terms, nonsingular bouncing uni-
verses were found [8–10] and it was argued that HL the-
ory may represent an alternative to inflation, since it
might solve the flatness and horizon problems and gener-
ate scale-invariant perturbations either with or without
inflation [11–13]. Also, when quantized, the higher order
spatial curvature terms in HL quantum cosmology intro-
duces a repulsive potential which solves the arbitrariness
in the choice of boundary conditions at the big-bang sin-
gularity. In this way, HL quantum cosmology is uniquely
solvable given an initial condition for the universe [14].
Two-dimensional models of gravity have attracted a
lot of attention in the last two decades. It is known that
spherical reduction of four dimensional Einstein gravity
leads to an effective two-dimensional theory with dilaton
fields, as well as string inspired theories [15, 16]. Since
quantization of gravity in four dimensions faces enor-
mous difficulties, its natural to turn to simpler models
by the lowering of the number of dimensions in mod-
els which share some features of the four-dimensional
one. But before going to the quantum theory of grav-
ity in two-dimensions, it is natural to consider the clas-
sical aspects of such theory. However, Einsten’s grav-
ity in two-dimensional spacetime is nondynamical, since
the Einstein-Hilbert action is a topological invariant in
the sense that its corresponding Lagrangean is a total
derivative. In this way, in order to have a dynamical
theory of gravity in a two-dimensional spacetime, an ex-
tra degree of freedom must be inserted in the gravita-
tional action. Such model in which the analog of the
four-dimensional vacuum Einsteins equations with a cos-
mological constant, namely R − Λ, is obtained from a
local principle and the action is invariant is JT model
[17] given by the action
S =
∫
d2xη (R− Λ), (2)
where η is a scalar field (dilaton).
The introduction of a dilaton in HL theory seems to
be unnecessary since the action fails to be a topological
invariant, giving rise to dynamical equations of motion
[18]. In this way, it is possible to have a dynamical theory
without the introduction of an extra degree of freedom.
2In this context we will analyze the FRW universe filled
with a perfect fluid which couples to gravity via Schutz
formalism [19, 20]. We will find solutions for the scale
factor depending on the equation of state p = ωρ, where
ω = 0 corresponds to dust and ω = 1 corresponds to a
radiation fluid. Then we will compare the encountered
solutions with solutions obtained in the JT model [21].
We will see that, with a simple redefinition of constants,
we obtain the same evolution of the scale factor on both
models.
This paper is organized as follows: In Sec. II, the
HL action in (1 + 1)-dimensions is derived. In Sec. III
I couple the fluid to gravity via Schutz formalism and
derive the equations of motion of the resulting action.
Solutions of the equations of motion derived in Sec. III
are presented and discussed in Sec. IV for a few cases.
In Sec. V, the comparison between HL and JT theories
is made and final discussions are presented in Sec. V.
II. HL ACTION IN (1 + 1)-DIMENSIONAL FRW
UNIVERSE
In (1 + 1)-dimensions, the gravitational action in HL
theory is given by (here we follow the same notation as
Ref. [18])
SHL =
∫
dtdxN(t)
√
h11 (LK − LV ), (3)
where N(t) is the lapse function, h11 is the spatial part
of the metric defined on the leaves t = constant, LK is
the kinetic part of the action given by
LK = K11K11 − λK2, (4)
where λ is a dimensionless constant and K11 denotes the
extrinsic curvature of the spatial leaves (note that LK is
the most general term involving the extrinsic curvature
tensor which is invariant under the group of diffeomor-
phisms of the spatial slices). The potential part of the
action LV = LV
(
(1)R,∇1, a1
)
depends on the cosmolog-
ical constant, on the curvature (1)R of the leaves, which
vanishes identically in one dimension and on the quantity
ai = ∂i lnN , which transform as vectors on the leaves.
In Eq. (4), the extrinsic curvature K11 is given by
K11 =
1
2N
(−h˙11 + 2∇1N1), (5)
where dot denotes time derivative, ∇1 denotes the covari-
ant curvature on the leaves t = constant and N1 is the
shift vector. In order to be power counting renormaliz-
able z should be greater or equal to the spatial dimension
(here d = 1). Taking the minimal requirement z = 1 we
have [22]
LV = −2Λ− αaiai, (6)
where α is a coupling constant.
By considering the homogeneous and isotropic FRW
metric
ds2 = −N(t)2dt2 + a(t)2dx2, (7)
we have
K11 = −aa˙
N
K = h11K11 = − a˙
Na
K11K11 = K
2 =
a˙2
N2a2
,
(8)
and the HL action reads
SHL =
∫
dtdxNa
[
(1− λ)K2 + 2Λ]
=
∫
dtdx
[
(1− λ) a˙
2
Na
+ 2ΛaN
]
.
(9)
Note that the break of invariance determined by the con-
stant λ leads to a dynamical action. Contrary to GR, the
kinetic part of the Lagrangean is not a total derivative.
III. (1 + 1)-DIMENSIONAL FRW UNIVERSE
FILLED WITH A PERFECT FLUID
In Schutz formalism [19, 20] for a perfect fluid in GR,
the two-velocity of the fluid is expressed as [23]
Uν = µ
−1(φ,ν + θS,ν), (10)
where µ and S are, respectively, the specific enthalpy
and the specific entropy of the fluid. The potentials φ
and θ have no clear physical meaning. With the usual
normalization UνUν , Schutz showed that the action for
the fluid is given by
Sf =
∫
d2x
√−gp, (11)
where p is the fluid’s pressure, which is related with the
fluid’s density by p = ωρ.
For the FRW metric (7), the two-velocity of the fluid
is given by Uν = Nδ
0
ν , so that
µ =
(
φ˙+ θS˙
N
)
. (12)
By thermodynamical considerations, Lapchinski and
Rubakov [24] found that the pressure as a function of
Schutz potentials is given by
p =
ωµ1+1/ω
(1 + ω)1+1/ω
e−S/ω. (13)
In this way, the total action for the FRW universe filled
with a perfect fluid in (1 + 1)-dimensional HL theory is
3given by (we assume that matter couples to gravity in
HL theory via Schutz’s representation)
S =
∫
dtdx
[
(1− λ) a˙
2
Na
+ 2ΛaN
+
ω
(1 + ω)1+1/ω
(
φ˙+ θS˙
N
)1+1/ω
Nae−S/ω

 . (14)
Following the canonical formalism we have that the
momenta conjugated to a, φ and S are given by


pa = 2(1− λ) a˙
Na
,
pφ =
aµ1/ω
(1 + ω)1/ω
e−S/ω,
pS = θpφ.
(15)
The Hamiltonian is then given by
H = paa˙+ pφ
(
φ˙+ θS˙
)
− L,
= N
(
ap2a
4(1− λ) +
p1+ωφ e
S
aω
− 2Λa
)
.
(16)
With the following canonical transformation


T = −pSe−Sφ−(1+ω),
pT = p
1+ω
φ e
S ,
φ¯ = φ+ (1 + ω)
pS
pφ
,
p¯φ = pφ,
(17)
we have
H = N
(
ap2a
4(1− λ) +
pT
aω
− 2Λa
)
. (18)
Varying the above Hamiltonian with respect to N gives
the Hamiltonian constraint
H =
(
ap2a
4(1− λ) +
pT
aω
− 2Λa
)
≈ 0. (19)
The equations of motion which follow from the Hamil-
ton’s equation are given by


p˙T = 0⇒ pT = constant,
T˙ =
N
aω
,
p˙a = N
[
− p
2
a
4(1− λ) + 2Λ + ω
pT
a1+ω
]
,
a˙ = N
apa
2(1− λ)
(20)
From now on, let us work in the cosmic time gauge
(N(t) = 1). By using the Hamiltonian constraint (19)
we have
p˙a =
(ω + 1)pT
a1+ω
,
a˙ =
apa
2(1− λ) .
(21)
If we take the derivative of the second equation in (21)
and use the first, together with the Hamiltonian con-
straint (19), we arrive at
a¨
a
=
2Λ
1− λ +
(ω − 1)pT
2(1− λ)a1+ω . (22)
IV. SOLUTIONS OF THE SCALE FACTOR
In this section we consider two possible fluids given by
ω = 0 (dust) and ω = 1 (radiation). For a complete
analysis we invite the reader to see Ref. [21].
The first case we consider here is a radiation fluid with
equation of state p = ρ (ω = 1). Then Eq. (22) is simply
given by
a¨
a
=
2Λ
1− λ, (23)
with solution
a(t) = A cosh
(√
2Λ
1− λt
)
+B sinh
(√
2Λ
1− λt
)
, if
2Λ
1− λ > 0,
a(t) = A+Bt if, Λ = 0,
a(t) = A cos
(√∣∣∣∣ 2Λ1− λ
∣∣∣∣t
)
+B sin
(√∣∣∣∣ 2Λ1− λ
∣∣∣∣t
)
, if
2Λ
1− λ < 0,
(24)
where A and B are constants. Note that in this case, ge- ometry has been completely decoupled from matter and
4the evolution of the universe does not depend on any mat-
ter parameters. For 2Λ1−λ > 0 the universe is locally de
Sitter and begins with a big bang singularity if |A| < |B|
and with a finite size otherwise. For Λ = 0 the universes
begins with a big bang singularity at t0 = −A/B and the
scale factor behaves as a(t) ∼ t as t → ∞. For 2Λ1−λ < 0
we have periodic solutions of universes which begins with
a big-bang singularity and recollapses after a finite time.
Considering now a fluid of dust p = 0 (ω = 0) filling
the universe we have
a(t) = A cosh
(√
2Λ
1− λt
)
+B sinh
(√
2Λ
1− λt
)
+
pT
4Λ
, if
2Λ
1− λ > 0,
a(t) = A+Bt− pT
2
t2 if, Λ = 0,
a(t) = A cos
(√∣∣∣∣ 2Λ1− λ
∣∣∣∣t
)
+B sin
(√∣∣∣∣ 2Λ1− λ
∣∣∣∣t
)
+
pT
4Λ
, if
2Λ
1− λ < 0.
(25)
For 2Λ1−λ > 0, the universe is locally de Siter and can
start with a big bang singularity or with a finite size
depending on the parameters A, B, pT and Λ. For Λ = 0,
the universe recollapses after a finite time if pT > 0, but
expands forever as a(t) ∼ t2 if pT < 0. For 2Λ1−λ < 0 the
universes oscillates and can be nonsingular if pT /(4Λ) >√
A2 +B2.
V. COMPARISON WITH
JACKIW-TEITELBOIM MODEL
In Eq. (22), pT = p
1+ω
φ e
S by Eq. (17). By Eq. (15)
we have
p1+ωφ e
S =
(
a1+ωµ1+ω
(1 + ω)1+1/ω
e−Se−S/ω
)
eS
= a1+ωp/ω ≡ a1+ωρ,
(26)
where ρ is the density of the fluid and we have used Eq.
(13).
Since the curvature for the metric (7) is given by R =
2 a¨a , Eq. (22) reads
R = Λ˜ + ρ˜, (27)
with the definitions Λ˜ ≡ 4Λ(1−λ) and ρ˜ ≡ ω−1(1−λ)ρ.
In Ref. [21], Cadoni and Mignemi studied the cosmol-
ogy of the two-dimensional JT model through the action
SJT =
∫
d2x
√−g [η (R− Λ) + LM ] , (28)
where LM is the Lagrangean for the matter content. In
analogy with the four-dimensional case, they take LM =
−ρ for the minimally coupled matter and LM = −ηρ for
the conformally coupled case.
Varying the action with relation to the dilaton field
and the metric gives
a) Minimally coupled matter:
R = Λ,
− (−∇µ∇ν − gµν∇2)η + Λ
2
gµνη =
1
2
Tµν .
(29)
b) Conformally coupled matter:
R = Λ+ ρ,
− (−∇µ∇ν − gµν∇2)η + Λ
2
gµνη =
1
2
ηTµν ,
(30)
where Tµν = pgµν + (ρ+ p)uµuν .
Conservation of the energy-momentum tensor implies
that ρ˙ = −(p + ρ) a˙a . With the equation of state p =
ωρ we have ρ = M/a1+ω, where M is an integration
constant. In this way, for the conformally coupled case,
the equation for the scale factor becomes
R = Λ+
M
a1+ω
(31)
Note that if we take ω < 1 in Eq. (27) we get the
same evolution for the scale factor as in Eq. (31) for the
conformally coupled case, but with the the substitutions
Λ → 4Λ(1−λ) and M → ω−1(1−λ)pT . For ω = 1 we get the
same evolution as in Eq. (29) for the minimally coupled
case. Note, however, that the fluid’s density in this case
is important only to solve the dilaton degree of freedom,
which is not present in HL cosmology.
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5VI. DISCUSSIONS
The break of LS in HL theory of gravity in two-
dimensions leads to a dynamical action, contrary to what
we see in GR theory, where the action is a topological in-
variant. With the introduction of a perfect fluid in the
FRW universe through Schutz formalism and following a
Hamiltonian prescription, the equation of motion for the
scale factor is equivalent to the case of a conformally cou-
pled dilatonic theory in JT model for ω < 1 and to the
case of a minimally coupled dilaton for ω = 1 with a sim-
ple redefinitions of parameters, where p = ωρ. However,
since the dilatonic degree of freedom is unnecessary in HL
model, the only dynamical quantity is the scale factor.
The presence of a dilatonic degree of freedom in JT pre-
dicts more complex universes. In such model, the initial
singularity can be either of metric or dilatonic nature. In
HL cosmological models the universes are simpler, since
the scale factor is the unique dynamical quantity.
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